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1 The homomorphism

A homomorphism exist between SL(2,C) and Lorentz group. Let M = R* be the 4-d Minkowski
space with Lorentz metric:

Z
lalf® = 2 —af —of — o3, with x=|7] (1)
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that is, M is the ordinary Minkowski space of special relativity, and we have chosen the speed of
light to be unity. A Lorentz transformation, B, is a linear transformation of M into itself which

preserves the Lorentz metric:
|Bz||* = ||z||?, for all z € M (2)

We let L denote the group of all Lorentz transformations, and call it Lorentz group.
We now decribe a homomorphism from SL(2,C) to L. For this purpose we shall identity every
point z in M with a 2-by-2 self-adjoint matrix:

To+ X3 T — T2
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<x1+zx2 1‘0—%’3) ol + 2101 + X202 + 303 ( )
which satisfies ' = z and det(z) = ||z||* = 22 —2?—23—23. In this notation, we have zo = 1/2tr(z),

r3 = 1/2tr(x) where tr means the difference of the diagonal.
Now let A be any 2 — by — 2 matrix. We define the action of the matrix A on the self-adjoint

matrix x by
z— AzAT = ¢(A)z

where we denoted the corresponding concrete action on the vector x by ¢(A)z. The nicity can be
seen from the fact

T
(AxAT) — AffgtAT = Az AT,
so the new Az A" is also self-adjoint. Notice also that
l6(A)z||? = det (AxAT) = |det(A)? det(z) (4)

if Ae SL(2,C), then
lo(A)z]* = || ()

Therefore if A is in SL(2,C), ¢(A) represents a Lorentz transformation. Notice also that

ABz(AB)" = ABzBTA" = A(BzB") A,



so that
¢(AB)x = ¢(A)p(B)z (6)

Thus ¢ is a homomorphism! Also note that ¢(—A) = ¢(A) so this map is not one-to-one, i.e. £A
shall be mapped to the same Lorentz transformation by ¢.

2 Weyl Spinor Representation

The action by conjugation defined previously for the homeomorphism already indicates a spinor
decomposition of the vector:

¢(A)z = Az Al = (Ay)(pTAT) = (Ap)(Ay)T, A€ SL(2,C) (7)

where the vector x is decomposed into spinors = = 11)T. Here we can imagine 1 is a two-by-one
column vector, and ¥! gives the aforementioned two-by-two matrix representation of the four-
vector x. It is in this sense that one may perceive a spinor as “the square root” of a vector. Now
we would like to know what is the spinor decomposition explicitly in this case, which can be readily
solved by simple linear algebra as follows. The linear equation in question is simiply:

()i v = (P i) Q

r1 +iry X1 — T3

note that xo + 23 € R, so that ¢ = ¢;9] with ¢; a real scalor. Similarly, we have 35 = 213
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