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1 Spins in orthogonal fields

In quantum mechanics, Ising model is the simpliest non-trivial toy model, whose local energy reads
oiof | + goy. However, we can readily write down an even simpler but boring Hamiltonian:

H:ZavagZof (1)

where the n.n. coupling is absent. Yet, like Ising model, there is competition between z-polarized
state and x-polarized state nonetheless and the two contributions to Hamiltonian do not commute
with each other. However, this apparent competition turns out to be trivial under some rotation.

This can be proved by constructing a rotation about y-axis by some angle 6, such that the
Hamiltonian becomes a single pauli matrix afterwards. The rotation about y-axis by 6 is given by
the unitary operator:

R = exp(—i6S,) = exp (—igay> = COS<Z) —i0Y sin(i) (2)

so that for a single site, 0* becomes
0 0 0 0
T 2p — z iV in [ 2 z ) _iaVain( 2
R'o*R [cos<2> +i0 sm(2>}a [cos<2> 1o sm<2>] 3)
=o0*cosf — 0" sinf
and the second term in Eq.1 becomes:
6 0 0 0
Ri(go" )R =g [Cos<2) +i0? sin(z)] o’ [COS(Q) —ioY sin(2>] 7
=0%gcosf + cgsinf
so that the onsite Hamiltonian density is
h; = (cosf + gsinf)o® + (g cosf — sinh)o” (5)

with H =), h;. Now let us define 6:
f=tan 'y (6)

such that the second term in Eq.5 becomes

gcosf —sinf = cosf(g — tanf) = cos(g —g) =0 (7)



and the first term in Eq.5:
cos@ + gsinf = cos (1 + gtan ) = cos (1 + ¢%) = /1 + g2 (8)

where we used cosf = 1/4/1+ g2. Therefore, by a global rotation [[; R; the Hamiltonian is
essentially a trivial one:
H=1+¢*) o} (9)
i

Therefore we won’t see any phase transition or singularity as we tune g even if o, and o, doesn’t
commute: the continuous symmetry is always present and will never break into discrete ones.

2 Hopping Fermions
The most boring Fermionic Hamiltonian one can write down is
H= th{CQ + tc;cl (10)

For convenience we write it in the matrix form:

=ae () ) (I) )

In order to rotate to, to a diagonal matrix, i.e. into o,, we again apply a rotation about y axis by
R= exp(figay).
R'0®R = 0% cos§ + o7 sin 6 (12)

setting 6 = § gives R = @ — iayg and RT6®R = 0%. So the resulting Hamiltonian is
H = to™)! = tp]ihy — taplajy (13)

where the normal mode is given by

. i T 2 T 9 (o T
d=()=m (4] =2 D) =2 (0 "
so the eigen states of the Hamiltonian besides |0) are

V2 V2
91) = (L + ) [0), fn) = =7 () o) (15)
At half filling, |¢1) is the excited state with energy ¢ and |¢2) = [¢)4) is the ground state with
energy —t. By the same token we can write down eigen states for spinful hopping particles whose
Hamiltonian is

H=t)_ el se20+ b yer (16)
g

where 0 = + denotes 1 and |. At one-particle filling (which is not half-filling for spinful parti-
cle! half-filling for spinful two-site system has two particles!), the ground state energy is two-fold
degenerate:

V2

o) = =5 (cl o —cb2) 0), Egx =t (17)



whose magnetization per site is

(1,187 ) = £ (15)

Therefore for different cat states

[g(a)) = a|thg 1) + V1= a?[gy ) (19)

the magnetization can be different. Numeraically, to break this cat-state symmetry one has to add
a small pinning potential.
At half-filling (two-particle filling), the Hamiltonian in the diagonal basis reads

H =t} a1 4 — tad by + 0] 1y — 1] 4o (20)

The ground state then has to fill ¥+ and v, |, both with energy —¢, hence

W’g) = J’;Tiﬁgi 0) (21)

By Eq.15 dressed with spin, we have

1
) = 5 el gely +chyedy —elyehy = chyel ) 10) (22)
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