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Introduction

Hamiltonian of a Z2 Gauge Theory

Kitaev’s Toric code Hamiltonian:

H = −
∑
s

As −
∑
p

Bp

Topological Signatures:

1 Four-fold ground state degeneracy

2 Wilson Loops that defines four
superselection sectors:

(Wx ,Wy ) = (±1,±1)

3 Emergent anyon statistics

4 Topological entanglement entropy γ

SvN(L) = αL− γ + O(L−1)

Is it possible to extract γ locally?
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Introduction

Operational Approach

SvN can be quantified operationally by
comparing it to the entanglement of a
reference system, usually taken to be a set of
N Bell pairs

NBell = −Tr(ρ log ρ)

But this cannot detect γ
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Introduction

Kitaev-Preskill Approach and Mutual Information

Kitaev-Preskill Construction: Third Order Mutual Information:

I3(A,B,C ) = −
∑
a,b,c

p(a, b, c)
p(a, b, c)p(a)p(b)p(c)

p(a, b)p(b, c)p(a, c)

= S(a) + S(b) + S(c)

− S(a, b)− S(a, c)− S(b, c) + S(a, b, c)

' γ

Non-dyadic information
shared between three subsystems.
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Introduction

Embed Z2 Gauge Field into KSL

H = Kx

∑
x-bonds

σx
i σ

x
j +Ky

∑
y-bonds

σy
i σ

y
j +Kz

∑
z-bonds

σz
i σ

z
j

1 QSL with emergent Z2 gauge theory

2 With matter Majoranas on the Z2 field
3 Kz/K � 2 ⇒ TC

H → JTC
∑
i

Wi ⇒ JTC
∑
s

As +
∑
p

Bp

with τ z = (σza − σzb)/2.
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Introduction

Local Reduced Density Matrix in KSL

One-point RDM:

ρ = diag(a, 1− a) + bσx + cσy , 〈σα〉 = Tr(ρσα)

a =
1 + 〈σz〉

2
=

1

2

b =
〈σx〉

2
= 0; c =

〈σy 〉
2

= 0

Hence

ρ = diag(
1

2
,

1

2
) ⇒ SvN = log 2

Two-point (p, q) RDM:

ρ =
1

4

∑
ij

〈
σi
pσ

j
q

〉
σi
pσ

j
q, i , j ∈ {0, 1, 2, 3}

Correlation can be decomposed into gauge |G〉 and
matter sector |MG〉; only the latter contribute〈

σαp σ
α
p+β

〉
= 〈icpcp+α〉 δα,β

〈icpcp+z〉 =

√
3

16π2

∫
BZ

εk√
ε2k + ∆2

k

d2~k
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Introduction

Local Reduced Density Matrix in KSL

〈
σx
pσ

x
p+x

〉
≡ 4A;

〈
σy
pσ

y
p+y

〉
≡ −4B;

〈
σz
pσ

z
p+z

〉
≡ 1− 4C :

ρx =
1

4
I4 +

A

4
J4

ρy =
4

4
I4 + anti-diag(B,−B,−B,B)

ρz = diag(
1

2
− C ,C ,C ,

1

2
− C )

All of them has two-fold degeneracy due to TR-symmetry and
conserved Z2 fluxes.

The von-Neumann entropies are:

SvN(α) = −2
∑
±
λα± log

(
λα±
)

λα± =
1

4
(1±

〈
σαp σ

α
p+α

〉
)
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Introduction

Local Construction for TEE

Observation:

1 Majorana are very gapped out at large Kz

2 Gauge charges As and Bp are conserved

3 As and Bp do not interact

SvN(L) ' αL− γ

Decompose 2-site subsystem into formal Bell paris:

SvN

( )
= 2Sy

vN + 2Sx
vN − γ

SvN

( )
= 2Sy

vN + 2Sz
vN − γ

Feng, Shi (Dept. Phys.) June 8, 2022 8 / 12



Introduction

Local Construction for TEE

From decomposed SvN

SvN

( )
= 2Sy

vN + 2Sx
vN − γ

SvN

( )
= 2Sy

vN + 2Sz
vN − γ

solve for Sα
vN of formal α-type Bell paris:

Sx
vN =

1

4

[
SvN

( )
+ γ

]
= Sy

vN

Sz
vN =

1

2
SvN

( )
− 1

4
SvN

( )
+
γ

4

Consider A = S ∪ E with nx x bonds, ny y bonds
and nz z bonds:

SvN(S) = nα(S)SαvN − γ

Its differential is:

∆SvN ≡ ∆nαS
α
vN

This gives:

γ =
1∑

α ∆nα

[
4∆SvN − 2∆nzSvN

( )
− (∆nx + ∆ny −∆nz)SvN

( )]
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Introduction

Extract γ = log 2 in TC limit

γ =
1∑

α ∆nα

[
4∆SvN − 2∆nzSvN

( )
− (∆nx + ∆ny −∆nz)SvN

( )]
〈
σαp σ

α
p+α

〉
∝ 〈icpcp+α〉 → SvN of 2-site dimers

Choose ∆SvN to be one and two site system:

∆SvN = SvN(1-site)− SvN

( )

From local RDM we know:

SvN(1-site) = log 2, SvN

( )
= log 2

⇒ ∆SvN = 0

Plugging in SvN

( )
= 2 log 2 and ∆nα:

γ(TC) = log 2

Retrieved TEE by local measurement!
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Away from TC limit
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Bipartite Entropy
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