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Order and Disorder

Mﬂ"}*\h‘t ow

™ LY LN
et Lygar e
ey e € LW Y

fm"““j“@hc— PWMAJV\«-D:‘TC

Pka!( P"WLSQ
+ > T
— ¢ —
Lowes 7*“f”"ﬁ““7- Wa\'wr TewPu*duN—

Shi Feng (OSU) May 12, 2023

4/39



Order and Disorder
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Two competing energy scales:

@ Thermal fluctuation: ~ kg T

@ Interaction between spins Jj;

Jij > kg T: Ordered magnet
(Ferromagnet or Anti-ferromagnet)

Jij < kg T: Disorderred magnet
(Paramagnet)

Phase transition at T,
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Landau’s symmetry breaking theory

Ordered states spontaneously break the symmetry
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Ferromagnet
H=-1> S-S

Lowest-energy configuration M = N/2:
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Some excited states:
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Magnetism

Ferromagnet

H = —JZ Si-Siy1 Quasi-particle (Bosons: Spin wave or Magnon)

Lowest-energy configuration M = N/2: i > C":) CEE) iD CKD
C R A O N i7 / i
o GARGED
Some excited states:

Pt W=D eun free magnons g
PEPPP LTt :

wy: dispersion; ng: number of magnons

R N e =0 vacuum sote (11 1)
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Dispersion of ferromagnetic magnons

wi ~ J[1 — cos(k)]|
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Each magnon carries s =1
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K,Q K—-kQ-w

Dispersion of ferromagnetic magnons neutron neutron

Wk ~ J[]. - COS(k)] _ k. w magnon (s=1)

Wy H. A. Alperin et al, J. Appl. Phys. 37, 1052 (1966)
20+ I T I T
—ot’
o0}~  HEXAGONAL COBALT o4 ‘{
1.5+ 7
-025( o4 MAGNON CREATICN ol -
o4 MAGNON ANNIHILATION
1.0+ 020~ -
:
3 o5 ~
0.5+ <
o0 s —
o o i > |
-3 -2 -1 1 2 3
o I | I I
. 0 050 100 150 .200
Each magnon carries s =1 -

Shi Feng (OSU) May 12, 2023 7/39



Anti-Ferromagnet

H=JY SiSia, GS =ttl- 1

Dispersion of anti-ferromagnetic magnons

wi ~ J|sin(k)|
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Geometrical Frustration

antiferromagnet e.g. H=73_S5;5;
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Geometrical Frustration

antiferromagnet e.g. H=73_S5;5; Geometrically frustrated magnet
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Frustration

Exchange Frustration
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Consequences of Frustrations

Q@ Noorderat T — 0
@ No symmetry breaking
© No s =1 magnons or spin waves
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Consequences of Frustrations

Q@ Noorderat T — 0
@ No symmetry breaking
© No s =1 magnons or spin waves

v . ) @ Strong quantum fluctuation — quantum spin liquid
& o © Elementry excitations are Spinons (s = 3)
4 J' \ v © Broad peaks in neutron scattering
& A D K,Q K—kQ-w
neutron
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Frustrated Systems (Criteria)

V’V.V'V*V

Triangular ~ Kagome  Honeycomb




Experimental Signatures

Frustrated Systems (Criteria)

V’V.V'V‘V

O Localized electrons (Mott Insulator)

. . 1
@ Small spins, preferably spin-5
© Geometrical or exchange frustration

@ Spin-orbit coupling

Triangular Kagome Honeycomb
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Experimental Signatures

Frustrated Systems (Criteria)

V'V.V’V‘V

O Localized electrons (Mott Insulator)

@ Small spins, preferably spin-5
© Geometrical or exchange frustration

@ Spin-orbit coupling

A
’ . | Ordered
o
= Insulator
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Frustration
_—

Triangular Kagome Honeycomb
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Experimental Signatures

Frustration Parameter

Two temperature scales:
@ Ty at which magnetic order develops
@ Curie-Weiss temperature O cy

C

X~ T—Ocw

The frustration parameter:

f= ecw/TN.

Shi Feng (OSU)

Spin solid (ordered) Spin liquid

Spin gas (paramagnet)

Ocw Ty [©cw| T

f — oo: True QSL
f > 100 is a good indication of possible QSL.
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Experimental Signatures

Honeycomb model

We follow the description in (Kitaev, 2006; Pachos, 2007)

Two sublattices Y and A

Z
Three types of links I‘ .x/' .\tc

= —Kx oroi—K, ool —K, ofof
Spin % on each site, coupled to nearest Z ko Z k Z k

2 K
neighbor by anisotropic spin-spin interaction. Uk

ZZKO’O’k

a(_,k
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Exact Solution of Kitaev Model

Exchange Frustration in Materials

c Sxx * Syy * Szz

K (r.lu.)
K Crlu)

H (r.l.u) . . H(r.lu) I I H(rlu) . H(r.lu)

Evidence for anisotropic spin exchange from diffuse magnetic X-Ray scattering in NaxIrO3
Chun et al, Nature Physics 11, 462-466 (2015)
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Exact Solution of Kitaev QSL (A. Kitaev, 2006)

H==2_) Keojop
It has exact QSL ground state at T =0 Note: spin o is localized (Mott Insulator)

© 2 types of fractionalized excitations:

o Vortex (Z; flux) W,
e lItinerant Majorana fermion ¢

@ Hamiltonian ~ Free ¢ gas

flux
(vortex

Shi Feng (OSU) May 12, 2023 16 /39

© Gapless Majorana bands ) itinerant Majorana fermion



Fractionalization (The Exact Solution)

Z Z Kaoj oy

[e% Ok
770N

H=> (k)i
k

@ What is the elementary
excitation counted by 7y

@ What is the band
structure ¢(k)
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Exact Solution of Kitaev Model

Fractionalization (The Exact Solution)

H=- Z Z Kaoj oy
@ (jk)q
M

H=> e(k)i
k

@ What is the elementary
excitation counted by 7y

© What is the band
structure e(k) Majoranas
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Exact Solution of Kitaev Model

Fractionalization (The Exact Solution)

Spin ¢
Z Z Koo o ’1 H=— Z Z f(fractions of o)

* UKo o (jK),
L IV
H=> (k)i H=" (k)i
k k

© What is the elementary @ fractions are Majoranas
excitation counted by Ay R )
@ 7y counts # Majorana

modes

@ What is the band
structure €(k) Majoranas © w(k) gives Majorana bands
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Exact Solution of Kitaev Model

. and how to cut

N

Shi Feng (OSU)

@ More degrees of freedom to manipulate
(cut 1 into 4)

@ It must preserve the number of
distinguishable states
(as a faithful representation)

@ It must preserve the SU(2) algebra of spins
[0, 07 = 2ieqp,07

May 12, 2023 18/39



Spin-Majorana Transformation

Majorana: no anti-particle

particle anti-particle
a' [vac) = |e™) alvac) = leT)

Shi Feng (OSU)

Majorana’s anti-particle is itself
creation operator '
&
annilihation operator ~

are the same

.|.

T=7
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Spin-Majorana Transformation

b? b? 57 = ible;
®_o:
i ® i 6y =ibYc;
.Cl 7 77
Spin —1/2 blz o7 =1bjc;

Shi Feng (OSU) May 12, 2023 20/39



Spin-Majorana Transformation

i
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Spin-Majorana Transformation

o
e
0j
bi bY b}
. Iy Mo ') No" ) :
Link Operator. U5 = Zbi b] V \bj
b?
J
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Spin-Majorana Transformation

gj

Link Operator: 1u;; = b5}

| bi bY b

J
b’
— g .00 ! b}
H = ZZa Z(iﬁa Kotgjeicy by f ’\O !
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Spin-Majorana Transformation

Recap
@ We have mapped a single spin-1/2 particle into 2 fermionic modes, then to 4 Majorana
modes:
Spin-1/2 Majorana modes
particle c x

e
s —> 0000

@ It is a faithful representation because

o (i) These Majoranas give the correct Hilbert space
o (ii) These Majoranas reproduce spin-1/2's SU(2) algebra.
@ The spin Hamiltonian into Majorana Hamiltonian by Links:
H = iz Z Kaﬁ;jc,-cj
@ (ij)

Shi Feng (OSU) May 12, 2023
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Conserved Quantities

Spin-Majorana Transformation

Link Operators (vector potential) and Plaquette operators (flux)

Shi Feng (OSU)

[ﬁijv H] =0
[WP7 H] =0
1

Extensive # of conserved quantites
{W,} and {uj}

May 12, 2023
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Spin-Majorana Transformation

Link is Conserved: u; = £1

The Hamiltonian using Majorana fermions:

A=) KabP5] =1 [Kalibfbf)]cicj =iy Kalijcic.
(if) (i) o (i)

H ) Ao % o'
link operator: i;; = ibf b;

e (j is conserved: [djy, H] = 0.

o {5 =1, hence its eigen values are +1.
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Spin-Majorana Transformation

With uj; being static numbers, the Hamiltonian becomes quadratic of ¢; Majoranas:

H= Z(iKaLAI,'j)Cij = |H= Z(iKanj)cicj
(i) o (i) o

What to assign to {uj;} for low energy
state?
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Spin-Majorana Transformation

Diagonalize the Ground State Hamiltonian

Recall that we wanted to diagonalize H represented by sectors of {ujc} in L:
H= Z Z(/K Ujk)Cic;-
« Ok
Now the redundant dofs can be projected out by simply fixing a {w,} sector.

Theorem

Lieb (1994): Ground state has no vortices <= {w, = +1}. J

Therefore we can choose the simplist configuration {uj = +1}:

{uj-k:—l—l} = |H= ZZ iKy CjCk

a(/k
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Spin-Majorana Transformation

H= Z Z iKacjck = Quadratic Hamiltonian of itinerant Majoranas
& (jk) g
Go to momentum space by Fourier transformation:

L K7 1 K7
cjzize Jag, ckzize “br.
VN2 % VN2 %
unit cell 1st Brillouin Zone
%
k1 ko
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Spin-Majorana Transformation

Single particle spectrum

Majorana Bands:

For K, = C it's identical to TB Graphene:

Shi Feng (OSU)

e(K) =

May 12, 2023
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Spin-Majorana Transformation

ARPES & S(k,w)

haw (eV)
wlJ

q
FIgU re: Dynamical structure factor of Kitaev model. Hermanns et al, Annu.
Flgu re: ARPES of Graphene Rev. Condens. Matter Phys. 9:17-33 (2018)
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Spin-Majorana Transformation

Summary of Kitaev Spin Liquid

‘? .
V frustration
Ko} (7‘,’%_,.
[

- Yy
[\;1/ Oi ity

. . Zo flux free majorana
fractionalization
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Where to look?

Where to look?

Corner sharing vs edge-sharing
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Where to look?

Anisotropy from Spin-orbital coupling

a eg_ -------- .

5__d | J 12

———= Lele ‘ off=

t"‘-==: ______ =so

2 -

¢ Jg=2312
Crystal Field Spin-Orbit
Coupling

XZ

P

Jackeli and Khaliullin, Phys. Rev. Lett., 102 017205 (2009)
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Where to look?

Where to look?

C]
~2

correlations
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t

Mott

insulator spin-orbit entangled

Mott insulator

Kitaev
materials

metal

I topological insulator

Weyl semi-metal

spin-orbit coupling A/t
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)

Where to look?

250 300 350
Temperature (K)
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Where to look?

a-RuCls

a b Majorana
Electron

fermion

2, flux

c ugH M
4 6 8 10 12

Conventional paramagnet
B Y
Spin liquid (Kitaev paramagnet)

Half-integer

4 600
quantized plateau EU H

le

Topological phase
transition point

oM
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oMy (T)
1575 8.0 85 90
£ o 37K ‘Ks
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L 10
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”S 0.5
=
3
b
= 49K 2
E Ly
g 1.0 y ]
§ o ©-0gpog®- - ". 12 3
Y 1 =
L % 3
5 o l, o
& I =
-0.5
44 46 48 50 52

Matsuda Group. Nature
559, 227-231 (2018)

Half-quantized thermal
conductivity:

Indicating Majorana
fermions in QSL
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Where to look?

Conclusion

a
X3
Majorana fermionic P
representation '
e b’
- d
o b7
ecCl
@ Ru
b Quantum spin liquid Kitaev paramagnet Conventional paramagnet
T<T, T T <T<Ty, Ty T>Ty

Spin
fractionalization

© _ Spinflip
IMF ™5y
o O

LMF
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Where to look?
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