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1 Perturbative Hamiltonian

Consider the TFIM Hamiltonian:

HTFm4=—nﬂ§:aﬁﬁ;y+g§:aﬂ (1.1)

which has Z5 symmetry defined by the operation:

wapngi:wnﬁwnﬁ (12)
J J J

This is readily apparent by anti-commutation {o*,0*} = 0.
Now assume we don’t have the coupling term, so the ground state is a trivial polarized state:
0y = |>—— ... =) (1.3)
There are a huge number of first excitated states:
D=|+——...2), 2) === ..., i) =|>— ... ... ) (1.4)

whose energy is A = 2g.J above g.s. Ey. They are solitons since there’s no well-defined momentum or dispersion
relation.

If we add the J terms perturbatively. To the leading order of perturbation we have:

H|iy=-J[li+ 1)+ |i = D))+ (Eo +2g9J) |i) (1.5)
To show this we calculate |0) by 1st order:
while the energy remains ' = Ey + 2gJ.

the exitations will then be able to tunnel to its nearby neig hbors’ position, and they gains a well-defined dispersion.
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2 Mean Field Solution[1]

The Hamiltonian is written as:

H=-JY 8;8:—hY S
(is) i

Ignoring fluctuation:
S;7S; =57 <sz> + 87 (S7) — (S7) <sz>
due to translational symmetry:
(57) = (57) = (57)
so we rewrite the coupling term as:
S7SF = (S7) (7 +57) — (57)°
Leave off the constant (S7)?, and apply iy =P/22
H=-J(5)> 257 —hY S
(ig) @
N ZACRE S U«
== 2 oi-32.0

It’s readily to see that the eigenvalue is:

1
N=oy/p2 (5%)% + h2

Tr[SZe PH]
Tre—8H

The self-consistency equation is then:
(5%) =
In the diagonal basis, the denominator evaluates to:
Z =Tr[e PH] = P + e77* = cosh(B))

The numerator is:

Tr[Sze*ﬁH] _ 1 9logZ _ 1 pJ (5 (ePr — PN

NB 9J' 2 p2J2 (S7)2 4 b2
= % pJ (5) sinh(8\)

p2J2 (5%)? 4 h2
where we have defined J' = pJ (S*) /2. Therefore the average magnetization is:

pJN (5%)

21/p2J2 (S%)? + h2

At zero-temperature, tanh = 1, so that:

(§%) = tanh {g p2J2 (S%)” + h2}

. N pdJ (S*
(S >Tﬂ0 =5 ( z
p2J2 <Sz> +h2
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The magnetization m = (S*) vanishes at the critical value (h/J). = p, and obey scaling m o |g|'/? where

gl = [(h/T) = (h/J)el-



3 Majorana Fermions

To be consistent with reference Whence QFT, we write TFIM as
H=-J) (070741 +907]) 3.1)
J

First we define our Jordan-Wigner transformation, that is, the order parameter we are to use is obtained by "attaching a
spin to a domain wall":

— =z =z _ =z x
Xj=093Tj4172 = 05 H gj
3'>j

v =ol717? = —i07% x
Xj =0T 1/ = —10; HO'J/
3’23

(3.2)

both of which are self-conjugate: x} = Xy )2; = Xj» so they are majorana fermion operators. Furthermore, they

satisfies fermion commutation relations if ¢ # j. To see the anti-commutation relation, WLOG, suppose i < j, we have

{xi-xi} ={o; [[ ot 0! [[ o3} ={A® B, 1@ B} =A@ {0},0!} @I 7 =0 (3.3)

i>i §1>j

In the same way, we have the other two anti-commutations
| Dvoh = Wb = D Xs} =0 Vi#j| (3.4)

Therefore we see x, x are fermions that don’t have anti-particles (self-conjugate).

A B
XiE SZZ ®S;C+1 ® """ S; ® SJT+1® Sj+2®
® 06 -0 6 6 0 ©
= 1 @1 ©--@ I ® §Y®8%,®8%,,
I B

Figure 1: Visualization of the calculation of anti-commutation in Eq.(3.3)

When i = j it’s easy to see x? = X7 = 1, so

(3.5)

’ {xi x5} = {Xi> X5} = 2635

and that| {x;, X;} = 0|still holds since {¢¥, 5!} = 0. We can make sense of it by saying that they are two different

777
flavors of fermions thus shouldn’t talk to each other.

We can also make more familiar-looking objects by making complex combinations of these majoranas:

1 . 1 .
cj = §(Xj —ixj) = c;r- = i(Xj +1iX;) (3.6)
with



It’s simple to show that they satisfies anticommutation relations:

1 .o o 1 . - . I
{cich} = 70 =X +axg = 4 (DX + il Xt — i b+ {Xa X6 1)

1 (3.8)
= Z (2(51‘3‘ +110 -0+ 2(51'.7') = (51‘]‘
1 - . 1 ) - e -
{Ci,Cj} = Z{Xi — WXy Xj — ZXj} = 1 ({Xi»Xj} - Z{szXj} - l{Xian} - {Xij}) (3.9)
1 .
= 1(261-]- —10—-40—26;;) =0
so for all 7, 7 we have
{ci,c;}:&j, {ci,cj}:{cz,c;}:O (3.10)

which defines a good fermion operator. Now, in order to write TFIM by these fermion operators, we need to figure out
how to write the zz-coupling term and transverse field term. Using definitions just introduced it is simple to see that the
transverse field term is

o] = —ixjx; = —i*i(c; — c;f)(cj + c;r) = cjc;rv - c;r-cj = —2c}cj +1 (3.11)

note that n; = cjc;r- can only take values 1 or 0 for occuppied or not occuppied, hence 2CjC;- +1=1ifn; = 0;
2¢; c;f = —1if n; = —1. Therefore we can abbreviate the above equation as

oF = —i¥x; = —2e;¢h + 1= (—~1)5 (3.12)

We can make sense of it by identifing left and right spin as
|=j) =1n; =0), |«;)=In; =1) (3.13)
i.e. the number of spin flips is the number of fermions.

The zz-coupling term is

\a;ajﬂ = iX41X; ‘ (3.14)
which can be checked by
iXj1X; =1 0;-’“ H oy o; H o | = iaé-lﬂojofﬂ = 0707,
k>j+2 k>j+1
So the TFIM can be written in a quadratic form:
H =7 (iXj41X; — 9i%;X;) (3.15)

J

This is the TFIM in majorana representation.

4 Bogoliubov transformation

First of all let us write the Hamiltonian in terms of c;, cj fermions. From the previous section we already know that the

Hamiltonian is quadratic in majoranas, so it must also be quadratic in fermions since Yy, X is a linear function of ¢, cf.
The first term of majorana Hamiltonian can be written as

iXj+1X5 = —(cj41 — C;[+1)(Cj + C}) = C;Jrlcj + C;Cj+1 + c}+1c; +¢jcit 4.1)
the second term in majorana Hamiltonian becomes
gixix; = —9g(c; — c;f)(cj + c;r) = g(c;cj — cjc;-) = QQC;CJ' —g 4.2)



hence

H=-J Z[C;-ch + C;Cj+1 + c;r»_s_lc; +cjcip1 — 2gc;cj + 4] 4.3)
J
we now take the Fourer transform
1 —ikr; T 1 T ikr
= —F= che I, o= che I 4.4)
VN £ VN £
1 ikr; T 1 T —ikr;
Cj = —— che i, ¢ =—= che J 4.5)
VN 4G VN 5

applying the F.T. to all terms of Hamiltonian:

1 (s L s a1 . s ;
Z C;+1Cj — N Z CLCkle_lk(,J+a)6lk T — Z C]chk’e_lkaﬁ Z e—z(k—k )i — Z c};cke—zka (4.6)
J k

jkk’ Kk’ j
N6, 1
P 1 I omik(ry+a) g—ik'r; _ N I g—ika L —i(kRry N G T ik
Zc;r-ﬂcj = Nchck,e ik(rjta)o—ik; —chcz,e k QNZe i(ktk)r; — 220716026z @ 4.7)
J kK kk’ J k
N6y, s

thus their conjugate give

)
D= | docne | =D clewe™ (“4-8)
J J k

+
Seierin = [ Sere] | =S aweose = 3 e pene e @9)
J J k

k
where in the last step we used {cg, ¢y} = 0. Therefore the fermionic Hamiltonian becomes

H = JZ [2(9 — cos ka)czck —isinka (cikcz + c,kck> — g] 4.10)
k

which, like the majorana Hamiltonian, is also quadratic as expected. Now we can move on to apply Bogoliubov
transformation and diagonalize it.

5 Continuum Limit

5.1 scale invariance

The end result of BAG diagonalization is

er = 2JV/1+ g% — 2gcoska (5.1
The energy is minimized at & = 0, that is

ex > €0 = 2J|1 — g| = A(g) (5.2)
and the gap vanishes at g = 1 the critical point. For small k at critical point we have

€x = 2J/2(1 — coska) = 2J4/2 x %(ka)2 = c|k| (5.3)

which is relativistic with speed of light ¢ = 2Ja. Because we are interested in the melieu of the critical field, we
consider a small deviation of g, such that g — g. = 1. Using 1 = g, we have

1
€ ~ 2J\/1 +9? = 29(1 = Ska?) = 2J\/gk?a® + (g — gc)’
9-9:\’ 9-9:\’
=c gk2+<a0) =c k2+(g—gc)k2+( - C) (5.4)
2
~c k2+ 9 —Gc
[¢




where in the last step we neglected (g — g.)k? = O(3®). So we can identify the mass as

2
m?2 =0 < lim (ggc)

9—9e a

that is, there a diverging length scale:

1 a
f = - .
m |g - gc|

so we expect the correlation length € ~ |g — g.| " has the critical exponent v = 1. Notice if we rescale space and time
according to

T — At t— Nt (5.5)

with 2 defined by €, o< k*, which in our case is z = 1, hence £ — X, k — k/X\, ¢ — Ae ([d] = [Ja] = [kg - m3/s?]
— A[Ja]). Then the disepersion rescales to

€ — AN E2 /A2 +m2 /A2 = eV k2 +m? (5.6)

which is invariant under rescaling.

5.2 continuum fermion field [2]

‘We define the continuum Fermi field )

Va
where a is the lattice constant. Note that ¢; is dimensionless, so the normalization factor 1/4/a sets the unit of field

operator ¥ to be inverse square root of length, so that the Kronecker delta becomes Dirac delta in the continuous limit
by 1/ad .+ = §(x — x’). The anti-commutation relations reads

{V(z), ¥ (2)} = 6(z — o) (5.8)
The Fourier transform becomes )
(k) = N7 / dz¥(z)e” ke (5.9)

where L = Na. Now plug the ¢, — \/1/L [ dz¥(z) exp(—ikx) into the fermion Hamiltonian, the first term gives

1 o0 . 0 .
JZ(g — cos I<:a)c£c;c ~ JZ(g - gc)z/ dz Ut (z)e*® / dyW (y)e~ kv
L — —o0

J(g - ge / Ut (@ / dk in(z—y) / dy(y (5.10)
= J(g—g.) / dz U (2) T (x)

where we we assumed ka < 1 and have ignored O(k?) and higher order, and in the second row we used Na/L = 1
which is omitted. The second terms gives

—zJZsmkac KCle A —zJa/dx\I/( )]\ia/%keik(m’y)/dyw(y)
= —iJa/dx\I/(x)aE;i_)i)/;l?kreik(w_y)/dy\lf(y)
— _Ja / dx\I/(:c)a(xa_y)é(x —y) / dyu(y) (5.11)
—Ja / ¥ (2)5(z — y)a% / dyU(y) = —iJa / drdy ¥ ()5 (z — y)9, ¥ (y)

— -5 [arv@o.ue)

where we haved used {d/dx,d(x)} = 0. Similarly we get the other term

l\D\G

—iJ%:sin ka cT_k,CE -3 /dx\IlT(x)ax\I/T(x) (5.12)



Therefore, the continuous limit gives the Hamiltonian

H— g/daz (U1 (2)0, 9 (2) — U(2)0,¥(x)) + A/dm\IlT\I/ (5.13)

where A = 2J(g — g.), and v = ¢ is the velocity.

6 EOM
We’d like to consider eom of the Majorana Hamiltonian:
H=—J) (iXty1xi — gixix) (6.1)
1

The Heisenberg emo is given by i0;O = [H, O]. Now we evaluate the commutator. Canceling i:
N U 4 afhiel -
L3 2y g Ay = 1%, Gyl e bbby,
'j/:_i \%Hl)‘t, ’9 ?L'XL , «6)‘ J
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Figure 2: Derivation of Heisenberg eom

Oexj = 2J(9X; — Xj+1)

. 6.2)
X = 2J(=gx; + Xj+1)
In the continuous limit we rewrite ;11 as:
x(j+ 1) = x(z) + adp x(x;) + O(a?) (6.3)
so we can rewrite the eom by:
Opx(x) ~ 2J[gx(x) = (X(2) + adpX(2;))]
that is
o) = — (L) k(@) - 0.k() (64
o CX\ )= a x(x 2 X\ T .



1 _ 1—
A~ + ( ; 9) (@) — ax(a) ©5)

this can be reformed by defining x+ = (1/2)(x F x), which is clear just by adding and subtracting equations. We have:

1 1—g
—— 00— = —Opx_ — | — = —0yx- — 6.
0 = =0 = (2 )xs =~ —mxs (6.6)
1 B 1—g
= 0iX+ = F0ux+ + | —— | + mx— = +0ux4 + mx- (6.7)
2aJ a
This gives chiral fermions at critical point g — 1:
(0o F Oa)x+ =0 (6.8)

away from g = 1 it becomes Dirac equation with non-zero mass m.

7 Majorana Hamiltonian

In this section we rewrite the the continuous theory near at critical point in terms of majorana field. It is clear from
the previous section that there are two majoranas, the left and the right mover, that propogate independently; each of
them is governed by its own equation of motion. The original majorana decomposition can be rewritten by x .+ defined
previously. For the consistency with other literature we redefine them by flipping the sign, which doesn’t affect the eom:

1 . 1 -
X+ =50 =) x-=-5+X) (7.1
their inversion gives
X=—(x++Xx-) Xx=x-—Xx+ (7.2)
hence 1 ]
= g(X —ix) = 5 (= +ix=) = (x+ —ix+)] (7.3)
so the first term in Eq. 5.13 gives
1 ) . . .
W00 = - [(x- = ix )0 (x- = ix-) + (x4 +x4) 02 (x4 + 4]
(7.4)
1 . , . .
1 (= = ix=)0e (x4 +ix+) + (Xt +ix4) 02 (X —ix-)]
the second term in Eq. 5.13 gives
1 ) , ) )
V0,0 = 7 [(x= +ix-)0u(x= +ix=) + (x4 = ix+)0a(x+ = ix+)]
(7.5)
1

1 (= +ix=)0:(X+ —ix+) + (x+ — ix+) 0 (X~ +ix-)]

It is easy to see that the second rows of the above two equations will cancel, leaving only the first rows; furthermore,
the real part ofs the terms in the first rows cancel. It is then straightforward to get

U9, — WO, U = —2ix_0,x_ + 2ix40uxs (7.6)

so we can decouple the Hamiltonian into two:
H_= /dm(—ivx_&gx_) (7.7
H, = /da:(ivX+8wX+) (7.8)
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